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Based on the connection between the spectral form factor and the probability to return, the origin
of the 1/fα-noise in fully chaotic and fully integrable systems is traced to the quantum interference
between invariant manifolds of the classical dynamics and the dimensionality of those invariant
manifolds. This connection and the order-to-chaos transition are analyzed in terms of the statistics
of Floquet’s quasienergies of a classically chaotic driving non-linear system. An immediate prediction
of the connection established here is that in the presence of decoherence, the spectral exponent α
takes the same value, α = 2, for both, fully chaotic and fully integrable systems.
PACS numbers: 03.65.Sq, 31.15.Gy, 31.15.Kb
Introduction.—Quantum systems that in the classical
limit are fully chaotic exhibit a variety of universal fea-
tures [1] such as level repulsion [2] or, in the semiclassical
limit, a non-linear dependence on time of the spectral
form factor K(τ) [3]. These seminal results were obtained
on the basis of the predictions of Random Matrix The-
ory (RMT) [4] and ramifications of the Gutzwiller trace
formula [5, 6], respectively. Only recently, a connection
between these pioneering works was established in context
of semiclassical periodic-orbit theory [7, 8].
Based on a time-series perspective, a decade ago, it was
discovered and proved that the spectral fluctuations of
fully chaotic systems display 1/f -noise whereas for fully
integrable systems, the spectral noise behaves as 1/f2
[9–11]. By means of RMT, it is also possible to show
that for KAM systems, mixed chaotic systems, chaos-
assisted tunnelling [12] makes the spectral noise to behave
as 1/fα with 1 < α < 2 [13]. Therefore, the order-to-
chaos transition is fully characterized by the spectral
exponent α and contrary to the Dyson ∆3(L) statistic,
the exponent α quantifies the chaoticity of the system in
a single parameter. Moreover, α is a natural measure of
the fluctuation properties of a quantum system through
the power spectrum.
However, having being developed on the basis of RMT,
the 1/fα behaviour is the result of statistical averages over
the probability distribution of the elements of random
matrices. Therefore, it is not possible to interpret, e.g.,
the particular value of α for fully chaotic or integrable
systems, in terms of invariant manifolds of the dynamics.
Since the average power noise that defines the 1/fα be-
haviour is a function of the spectral form factor K(τ) (see
below), an interpretation is provided here on the basis
of recent progress towards the identification of the clas-
sical invariant manifolds that contribute to the spectral
form factor [14]. Specifically, by resolving the spectral
form factor in phase space, it is shown that the particular
value of α for fully chaotic and regular systems can be
understood in terms of the dimensionality of the classical
invariant manifold of the dynamics (one dimensional for
isolated unstable periodic orbits and N -dimensional for
regular tori) and their coherent quantum interference.
The connection established here permits identifying
the different values of the spectral exponent α as a deli-
cate interplay between quantum and classical signatures
of the dynamics, namely, quantum interference and the
dimensionality of classical invariant structures. The con-
sequences of this connection are manifold, e.g., it predicts
that the different value of the spectral exponent for fully
chaotic and fully integrable systems doest not survive in
the classical limit.
Spectral fluctuations: The average power noise and the
spectral form factor.—The fluctuating parts of the level
and accumulated level densities are denoted by ρ˜() and
n˜(), respectively. Spectral fluctuations are analyzed in
terms of the form factor K(τ) and the power spectrum
Pn(τ), defined as the square modulus of the Fourier trans-
form of ρ˜() and n˜(), respectively. For τ 6= 0, under the
assumptions that 〈ρ˜()ρ˜( + η)〉 → 0 faster than 1/η as
η →∞ and for a large energy window ∆E  1, it can be
shown that [11]
〈|nˆ(τ)|2〉
∆E
= 〈Pn(τ)〉 = K(τ)
4pi2τ2
, (1)
where 〈·〉 stands for spectral averages whereas ·ˆ does
for Fourier transform of ·˜. The program developed in
Refs. [9–11] aims at introducing a time series perspective
to characterize the spectral noise of 〈Pn(τ)〉. The main
idea behind this approach is to consider the sequence
of energy levels as a discrete time series and study level
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2correlations using tools from time-series analysis.
Time-series perspective of quantum chaos: The average
power noise and the spectral form factor.—The analogy
between the energy spectrum and a discrete time series
is established in terms of the δq statistic [9], defined as
the deviation of the (q + 1)-th level from its mean value.
In terms of unfolded energy levels δq =
∑q
i=1 (si − 〈s〉) =
q+1 − 1 − q, where si = i+1 − i, i is the i-th unfolded
level and 〈s〉 = 1 is the average value of si.
The unfolded energy levels are defined using the average
accumulated level density N¯(E) as i = N¯(Ei). This
mapping is needed to remove the main trend defined by
the smooth part of the level density and compare between
the statistical properties of the spectral fluctuations of
different systems or different parts of the same spectrum.
In the language of time series analysis, the unfolding
mapping is a procedure for making stationary the discrete
time series defined by the δq, its average and fluctuations
not depending on time. Sampling n˜() for integer values
of the energy leads to the discrete function n˜q() with
averaged power spectrum 〈Pnk 〉 and Fourier transform
is given by nˆk = D
− 12
H
∑∞
q=−∞ nˆ (k/DH + q), with k =
1, 2, . . . , DH−1. DH = ∆E/〈d〉 is the effective dimension
of the Hilbert space H and 〈d〉 denotes the mean spectral
density for a finite range ∆E. The averaged power noise
of δk is related to 〈Pnk 〉 by 〈P δk 〉 = 〈Pnk 〉 − 112 for chaotic
systems and by 〈P δk 〉 = 〈Pnk 〉 for regular systems. If
DH  1 and k  DH, 〈P δk 〉β = DH/(2βpi2k) for chaotic
systems belonging to the three β = {1, 2, 4} classical RMT
(for fully chaotic systems) whereas 〈P δk 〉 = D2H/(4pi2k2)
for integrable systems. Thus, for small frequencies, the
excitation energy fluctuations exhibit 1/f (∼ 1/k) noise
in chaotic systems and 1/f2 (∼ 1/k2) noise in integrable
systems [11].
Interference of time-domain scars: Spectral form factor
and probability to return—The key quantity that allows
for the identification of the contribution of classical in-
variant manifolds to K(τ) is the probability to return
P qmret (t) [14–16]. To make a clear connection with the
classical invariant manifolds of the underlying classical
dynamics, it is convenient to express the return prob-
ability in terms of phase-space objects. To do so, in-
troduce the Weyl representation of quantum mechan-
ics [17], which assigns a phase space function O(p,q)
to an operator Oˆ. For the density operator ρˆ(t) at
time t, the Weyl transform defines the Wigner function
ρW(r, t) =
∫
dNq′ exp(−ip · q′/~)〈q+ q′/2|ρˆ(t)|q− q′/2〉
with r = (p,q) a vector in 2N -dimensional phase-space.
The propagator GW(r
′′, t′′; r′, t′) of the Wigner function
evolves the Wigner function from t′ to t′′, ρW(r′′, t′′) =∫
d2NrGW(r
′′, t′′; r′, t′)ρW(r′, t′) and has a clear classical
analog, namely, the Liouville propagator [18].
The quantum probability to return can be expressed as
a trace over phase space of the propagator of the Wigner
function, namely, P qmret (t) =
∫
d2fr0GW(r0, t; r0), with
t = t′′ − t′. For t & tH/DH, the form factor is related to
the quantum return probability by [14]
DHK(τ) =
∫
d2frGW(r, t; r, 0) = P
qm
ret (t), (2)
with τ = t/tH and tH = h〈d〉 denotes the Heisenberg
time. Remarkably, before tracing, the quasiprobability
density to return GW(r, t; r, 0) allows for the identification
of the manifolds that contributed to the form factor (see
Fig. 1 below). At the semiclassical level, besides the
classical invariant manifolds with period T p and invariant
manifolds with period T = T p/l, being l and integer, also
sets of midpoints between them contribute [14]. These
midpoint manifolds constitute important exceptions from
a continuous convergence in the classical limit of the
Wigner towards the Liouville propagator [14] and, as
shown below, are responsible for the different functional
form of the spectral noise in chaotic and regular systems.
Probability to return and the average power noise—The
connection between the averaged power-spectrum of the
spectral fluctuations and the invariant manifolds of the
classical dynamics, and their quantum interferences, is
established from the comparison between Eqs. (1) and (2)
〈Pn(τ)〉 = D−1H (2piτ)−2P qmret (t) (3)
Because this identity does not rely on any semiclassi-
cal approximation, it is exact and holds for finite- and
infinite-dimensional Hilbert spaces. Moreover, because it
is formulated at the level of the statistical operator ρˆ and
not at the level of elements of the projective Hilbert space,
it holds for unitary as well as non-unitary dynamics.
As stated above, the calculation of 〈P δk 〉 requieres the
unfolding of the energy leves. Here, that unfolding needs
to be reinterpreted and calculated at the level of the
return probability, which is defined as a direct trace
over phase space of the diagonal propagator GW(r, t; r, 0).
Thus, the subtraction of the main trend translates here
into to the subtraction of the classical contribution, i.e.,
it is assumed that the quantum propagator can be ac-
counted for by the superposition of the classical prop-
agator plus quantum fluctuations [14, 19–21]. Thus,
define the quantities ∆Pret(t) = P
qm
ret (t) − P clret(t) and
〈∆Pn(τ)〉 = D−1H (2piτ)−2∆Pret(t). In the semiclassical
limit,
P qmret (t) ≈
{
DH(2/β)τP clret(t), for fully chaotic systems,
DHP clret(t), for integrable systems,
(4)
where no degeneracies are considered for the integrable
360
40
20
0
−20
−40
−60
40
20
0
−20
−40
60
40
20
0
−20
−40
−60 −60 −40 −20 0 20 40 60 −60 −40 −20 0 20 40 60
FIG. 1. Quantum (l.h.s. panel) and classical (r.h.s. panel) diagonal propagators G(r, t; r, 0) for the harmonically driven quartic
oscillator at t = T ≡ 2pi/Ω, with ω0 = 1.0, Ω = 0.95, Eb = 100.0, φ = pi/3 with S = 0 (upper panels), S = 2.5 (central panels)
and S = 10 (lower panels). For better understanding of the midpoint contributions in the diagonal propagator, Poincare surface
of sections are shown behind of the classical diagonal propagator.
case [16]. So that, for DH  1,
〈∆Pn(τ)〉
P clret(t)
≈
{
(2pi2β)−1τ−1, for fully chaotic systems,
(4pi2)−1τ−2, for integrable systems.
(5)
〈∆Pn(τ)〉/P clret(t) measures deviations from the main
trend, classical contributions, normalized by the clas-
sical return probability. From Eq. (5), it is clear that the
description in terms of the return probability provides
consistent results with the time-series perspective devel-
oped in Refs. [9–11], i.e., deviations of the averaged power
spectrum from the main trend behave as 1/τα with α = 1
for chaotic and α = 2 for integrable systems, respectively.
The results formally coincides after, as defined above,
replacing τ by k/DH .
The main advantage of the present formulation relies
on the possibility of interpreting the origin of the differ-
ent values of the exponent 1 ≤ α ≤ 2. As shown above,
the different nature of the spectral noise relies on the
particular functional dependence of the quantum return
probability on τ [see Eq. (4)]. Therefore, this particular
dependence relies on the different nature of classical in-
variant manifolds that contribute to the quantum return
probability [14]. Specifically, it is understood in terms
of midpoints manifolds showing up from the interference
of periodic invariants of the dynamics (see, e.g., Fig. 1
and description below). For regular systems, the number
and size of these manifolds scale with time the same way
as that of the underlying tori [3, 14], so that no τ factor
arises between quantum and classical return probabilities
in Eq. (4). This situation in turn reflects the fact that
periodic tori form N -dimensional surfaces in phase space
and are space filling, e.g., in position space. In contrast,
isolated periodic orbits remain one-dimensional subsets
independently of the number of freedoms, this dimension-
ality property is in turn responsible for the emergence
of the τ factor for fully chaotic systems [14]. There is
therefore qualitatively “more room” available for midpoint
manifolds in the latter case than in the former.
Example—Traditionally, the study of spectral fluctu-
ations have been performed in nuclear systems or 2D
4billiards [9–11]. However, because the dimension of
the Wigner propagator is four times the real space di-
mension, a phase-space characterization of the invari-
ant manifolds in this object is not feasible for those
systems. For this reason, a one-dimensional driven
mixed chaotic systems, prototypical in, e.g., coherent
destruction of tunnelling [22], is considered here, namely,
H = p2/2m−mω2q2/4 +m2ω4q4/64Eb + S cos(Ωt+ φ).
Eb denotes, roughly, the number of tunnelling doublets
and S stands for the strength of the driving force.
Because of the periodicity of the driving force, spectral
fluctuations are analyzed for Floquet’s quasienergies, that
are eigenvalues of the unitary-time evolution operator Uˆ(t)
over one period of driving T = 2pi/Ω. To the best of our
knowledge, this is the first time that a characterization
of the spectral noise is performed for a driven mixed
chaotic systems and thus, some comments are in order.
The unitarity of the time-evolution operator implies that
its eigenvalues are of unit magnitude and therefore, they
can be conveniently written as exp(iEαT/~), being Eα
Floquet’s quaisenergies. Eα is defined modulo integer
multiples of ~Ω, namely, Eα = En,l = En,0 + l~Ω, n =
0, 1, 2, ... and l = 0,±1,±2, ... For the spectral statistics,
S = 0.0,↵ = 1.99
S = 2.5,↵ = 1.71
S = 100,↵ = 1.13
S = 10,↵ = 1.29
FIG. 2. Theoretical power spectrum of the δq function. Pa-
rameter values are as in Fig. 1.
only the quasienergies in the first Brillouin’s zone, l = 0,
are considered, so that −~Ω < En < ~Ω.
Before discussing the spectral features of this system,
it is instrumental to have a qualitatively idea about the
underlying manifolds that will determined the spectral ex-
ponent α. Figure 1 depicts the quantum quasi-probability
density GW(r, t, r, 0) for the driven doble well potential
considered above for zero driving (S = 0, upper panel),
strong driving (S = 2.5, central panel) and ultra strong
driving (S = 10, lower panel). For the classical dynamics
of the undriven case, there exists three periodic orbits of
period T that can be clearly seen in the diagonal classi-
cal propagator (l.h.s. of Fig. 1). Thee is also a family
of orbits whose period is a rational fraction of T , e.g.,
T/2, that is located outside of the domain of the plot.
The interference of these manifold is clearly visible in the
upper panel of Fig. 1. In the presence of driving, these
continuous manifold are replaced by a set of unstable
elliptical and hyperbolic periodic points (see central and
lower panels in in Fig. 1). Remarkably, the quantum
interference between these manifold (contributions from
midpoints between classical invariant manifolds) is also
clearly visible in the central and lower panels of Fig. 1.
Figure 2 depicts the functional dependence of 〈P δk 〉 on k
for Floquet’s quasienergies for S = 0 (α = 1.99), S = 2.5
(α = 1.71), S = 10 (α = 1.29) and S = 100 (α = 1.13).
Despite the KAM nature of the system at hand, the spec-
tral fluctuations exhibit a clear 1/fα dependence. This
feature of Floquet’s quasienergies supports the evidence
found in the Robnik billiard [10], and are in sharp con-
trast to the conventional expectation that in the strict
semiclassical limit spectral fluctuations of mixed chaotic
systems cannot follow a power law [10, 13].
Discussion—In this Letter, by establishing a connec-
tion between the power noise and the probability to re-
turn [see Eqs. (3, 5)], the origin of the 1/fα noise in
quantum systems (for α = 1, 2) was track to the interfer-
ence and dimensionality of classical invariant manifolds
of the regular and chaotic dynamics. In the process, the
main trend of the power spectrum was associated to the
classical contribution to the quantum dynamics, so that
〈∆Pn(τ)〉/P clret(t) measures purely quantum fluctuations.
The extreme values of the α parameter, α = 1 and
α = 2, are the result of the τ dependence of the quantum
return probability [see, Eq. (4)]. Because the connections
stablished above are valid in general, it suggest that the
fractional behaviour of the spectral noise, 1 < α < 2
emerges for the interference between regular and chaotic
invariant manifolds, however, an analytic account of this
fact remains as a challenge.
This same connection allows for the immediate pre-
diction that in the presence of decoherence, the spectral
coefficient α takes the same value, α = 2, for classically
chaotic and classically regular systems. This follows from
the fact that in the presence of decoherence, the quantum
return probability behaves equally for both, integrable
and chaotic systems [23]. In a nutshell, decoherence re-
moves the interference between invariant manifolds so
that the additional coherent contributions to the form
factor discovered in Ref. [14] are not present anymore.
Work along this line will be reported soon [24].
The approach presented here can be extended to un-
cover the invariant manifolds responsible for the behaviour
of the power spectrum of energy level fluctuations very
recently discussed in the nonperturbative analysis of the
in fully chaotic quantum structures was reported [25].
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